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Abstract
Quantum chromodynamics (QCD) at suciently high density is expected to undergo a
chiral phase transition. In Lagrangian SU(3) lattice gauge theory, the standard approach
breaks down at large chemical potential , due to the complex action problem. (QCD at
large  is of particular importance for neutron star or quark star physics). The Hamiltonian
formulation of lattice QCD doesn’t encounter such a problem. In a previous work, we developed
a Hamiltonian approach at nite chemical potential  and obtained reasonable results in the
strong coupling regime. In this paper, we extend the previous work to Wilson fermions.
We study the chiral behavior and calculate the vacuum energy, chiral condensate and quark
number density, as well as the masses of light hadrons. There is a rst order chiral phase
transition at zero temperature.
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1 Introduction
Quantum Chromodynamics (QCD) is the fundamental theory of strong interactions. It is a SU(3)
gauge theory of quarks and gluons. Precise determination of the QCD phase diagram on tem-
perature T and chemical potential  plane will provide valuable information for the experimental
search for quark-gluon plasma (QGP). The ultimate goal of machines like the Relativistic Heavy
Ion Collider (RHIC) at BNL and the Large Hadron Collider (LHC) at CERN is to create the
QGP phase, and replay the birth and evolution of the Universe. Such a new state of matter may
also exist in the core of neutron stars or quark stars at low temperature T and large chemical po-
tential . Lattice gauge theory (LGT), proposed by Wilson[1] is a rst principle non-perturbative
method for QCD. Although it is the most reliable technique for investigating phase transitions in
QCD, it is not free of problems: complex action at nite chemical potential and species doubling
with naive fermions.
In Lagrangian formulation of LGT at nite chemical potential, the success is limited to SU(2)
gauge theory[2, 3], while in the physical SU(3) case, complex action[4, 5] spoils numerical simu-
lations with importance sampling. Even though much eort[6, 7, 8] has recently been made for
SU(3) LGT, and some very interesting information on the phase diagram at large T and small
 has been obtained, it is still extremely dicult to do simulations at large chemical potential.
QCD at large  is of particular importance for neutron star or quark star physics. Hamiltonian
formulation of LGT doesn’t encounter the notorious \complex action problem". Recently, we
proposed a Hamiltonian approach to LGT at nite chemical potential[9, 10] and solve it in the
strong coupling regime. We predicted that at zero temperature, there is a rst order chiral phase









dynamical mass of quark and nucleon mass at  = 0 respectively. (We expect this is also true
for Kogut-Susskind fermions.) By solving the gap and Bethe-Salpeter equations, the authors of
Ref. [11]obtained the critical point the same as ours; but they concluded that the chiral transition
is of second order, dierent from ours. (Our order of transition is consistent with other lattice
simulation results[12]).
Wilson’s approach to lattice fermions[1] has been extensively used in hadron spectrum cal-
culations as well as in QCD at nite temperature. It avoids the species doubling and preserves
the flavor symmetry, but it explicitly breaks the chiral symmetry[13, 14, 15, 16], one of the most
important symmetries of the original theory. Non-perturbative ne-tuning of the bare fermion
mass has to be done, in order to dene the chiral limit[17, 18].
In this paper, we study Hamiltonian lattice QCD with Wilson fermions at nite chemical
potential. We derive the eective Hamiltonian in the strong coupling regime and diagonalize it by
Bogoliubov transformation. The vacuum energy, chiral condensate, and masses of pseudo-scalar,
vector meson and nucleons are computed. In the non-perturbatively dened chiral limit, we
obtain reasonable results for the critical point and other physical quantities under the mean-eld
approximation.
To our knowledge, the only existing literature about the same system (r 6= 0 and  6= 0) is
Ref.[19], where the author used a very dierent approach: the solution to the gap equation. In
contrary to the conventional predictions[17], the author found that that even at  = 0, there is
a critical value for the eective four fermion coupling K, below which dynamical mass of quark
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vanishes. He introduced the concept of total chemical potential and found the transition order
depends on the input parameters K and r as well as the momentum. In contrast, we nd that in
the chiral limit, dynamical mass of quark doesn’t vanish for all values of K if  < C ; at and our
order of chiral phase transition doesn’t depend on the input parameter.
The rest of the paper is organized as follows. In Sec.2, we derive the eective Hamiltonian at
nite chemical potential. In Sec.3, we present the results for vacuum energy, chiral condensate,
and the hadron masses are presented. In Sec.4, we estimate the critical chemical potential at zero
temperature. The results are summarized in Sec.5.
2 Effective Hamiltonian in the strong coupling regime
2.1 The µ = 0 case
We begin with QCD Hamiltonian[18] with Wilson fermions at chemical potential  = 0 on 1










































d = 3 is the spatial dimension and m, a, r and g are respectively the bare fermion mass, spatial
lattice spacing, Wilson parameter, and bare coupling constant. U(x; k) is the gauge link variable
at site x and direction k, and  is the fermion eld and its color, flavor and Dirac indices are
summed in the Hamiltonian. The convention γ−k = −γk is used. Eαj (x) is the color-electric eld
at site x and direction j, and summation over  = 1; 2; :::; 8 is implied. Up is the product of
gauge link variables around an elementary spatial plaquette, and it represents the color magnetic
interactions. Here we use the Lurie metric, and the author of Ref. [17] used a dierent metric.
Both give the equivalent Hamiltonians and lead to the same results for the physical quantities.
In the continuum limit a ! 0, Eq.(1) approaches to the continuum QCD Hamiltonian in the
temporal gauge A4 = 0.
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
; (3)
where j = jj1j2γj1γj2. Each fermion eld carries spin (Dirac), color and flavor indices, and in
Eq.(3), the flavor indices are explicitly written. This eective Hamiltonian describes the nearest-





being the eective coupling constant. Here CN = (N2c − 1)=(2Nc) is the Casimir invariant of the
SU(Nc) gauge group.
To simplify the four fermion operators in Eq.(3), we rewrite the bilinear operators of fermions
as
 f1(x) f2(x) = vf1f2 + (  f1(x) f2(x)− vf1f2);
 yf1(x) f2(x) = v
yf1f2 + ( 
y
f1
(x) f2(x)− vyf1f2); (5)
where v and vy denote respectively the expectation value of   and  y in the vacuum state














 y jΩeff i: (6)
Here Ns is the total number of lattice sites and Nf the number of flavors. Substituting them into




 (x) (x) +B
X
x
 y(x) (x) +C; (7)
where













C = − Kd
4aNc
h
(1 + r2)vy2 − (1− r2)v2
i
NsNf : (8)
In deriving Eq.(7), we have used the mean-eld approach: i.e., an approximation to ignore terms
like (  (x) (x)− v)2 and ( y(x) (x)− vy)2. In doing so, the contribution of the meson operators
to the Hamiltonian is neglected (we will reconsider these contributions in next section), and only
the rst four terms of Eq.(3) don’t vanish.







The 2-spinors  and y are the annihilation operator of positive energy fermion and creation
operator of negative energy fermion respectively. In Eq.(7), A plays the role of dynamical mass
of quark.
2.2 The µ 6= 0 case
In the continuum, the grand canonical partition function of QCD at nite temperature T and
chemical potential  is
Z = Tr e−β(H−µN);  = (kBT )−1; (10)




 y(x) (x): (11)
According to Eq.(10) and following the procedure in Sec.2.1, the role of the Hamiltonian at strong
coupling is now played by
Heffµ = Heff − N; (12)
where Heff is given by Eq.(3) or in the mean-eld approximation by Eq.(7). In this Hamiltonian,
there are three input parameters: r, m and . Suppose we study the phase structure of the system
in the chiral limit. Such a limit can be reach by ne-tuning the bare quark mass m so that the
pion becomes massless. In such a case, there are only two input parameters: r and .
Let us dene the state jnp; npi in the momentum space by
pj0p; npi = 0; ypj0p; npi = j1p; npi; pj1p; npi = j0p; npi; ypj1p; npi = 0;
pjnp; 0pi = 0; ypjnp; 0pi = jnp; 1pi; pjnp; 1pi = jnp; 0pi; ypjnp; 1pi = 0: (13)
The numbers np and np take the values 0 or 1 due to the Pauli principle. By denition, the up





fnp,np jnp; npi: (14)
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The vacuum energy is the expectation of Hµ in its ground state jΩ >, and also the expectation
value of Heffµ in its ground state jΩeff >, i.e.
EΩ = hΩjHµjΩi = hΩeff jHeffµ jΩeff i =
X
p′,p




Cnp,nphnp; npjHeff − N jnp; npi; (15)
where we have introduced the notation Cnp,np = f2np,np.
Under the mean eld approximation, the chiral condensate and quark number density are
given by




















Cnp,nphnp; npj y jnp; npi − 1 = n− n; (16)
where








which are constrained in the range of [0; 1] and determined by minimizing the vacuum expectation
value of Heffµ .
3 Physical quantities at µ 6= 0 and T = 0
In order to calculate the masses of mesons as well as the contributions of the meson operators
to the vacuum energy, we identify the annihilation and creation operators for pseudo-scalar and




























(x)(1 + γ4)γl f1(x): (18)
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The factor 1=(2
p−v) is introduced so that < (x)y(x) >=< V (x)V y(x) >= 1. Then eective
Hamiltonian Heffµ in Eq.(12) can now be expressed in terms of pseudo-scalar and vector particle
operators in the following way
Heffµ = E
(0)

























































































(x+ k^) + Vlf1f2(x)Vlf2f1(x+ k^)
i
(1− 2k,j): (19)



























Cnp,np (np + np − 1)2 : (20)














































~(p) ! ~(p) cosh up + ~y(−p) sinhup;
~y(p) ! ~y(p) cosh up + ~(−p) sinhup; (23)
diagonalizes H if





G1 = 2M − Kd
aNc







G2 = − K2aNc v: (24)









































































In order to dene the chiral limit, one has to ne tune M ! Mchiral so that the pion becomes





In this limit, the pseudo-scalar mass square behaves as M2 / M −Mchiral, which is the PCAC
relation.





and a Bogoliubov transformation
~Vl(p) ! ~Vl(p) coshw(l)p + ~V yl (−p) sinhw(l)p ;

































cos pja− 2 cos pla): (32)










According to Eqs. (19), (25) and (31), the vacuum energy reads
EΩ = hΩjHeffµ jΩi


























This also gives the thermodynamic potential (grand potential) at T = 0.
For an generic nucleon operator OB consisting of three quarks, the thermo mass is given by




OyB jΩeff i − EΩ: (35)
Using mean-eld approximation and Eq. (8), it becomes
MN = 3(A+B)− 3: (36)
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4 Phase structure at T = 0 and µ 6= 0
For simplication, we will use the mean eld approximation to study the critical behavior of the
system. It is easy to prove that this is sucient for determining the critical chemical potential.











(n2 + n2 + 1− 2n) + Kd
a
(n+ n− 2nn− 1)
− (n− n+ 1): (37)
The ground state of the system corresponds to the lowest value of Ω. At some given inputs
of Wilson parameter r and chemical potential , we can nd the value of n and n when Ω is
minimized. The result is
n = (− C);
n = 0: (38)




(1 + 2r2): (39)




h   i = 2Nc [(− C)− 1] ;
nq = (− C): (40)
The inclusion of the meson elds gives qualitatively the same results for these quantities. There
is clearly is a rst order chiral phase transition. For  < C , the system is in the chiral-symmetry
breaking phase; in this phase the results for the chiral condensate, the pseudo-scalar and the vector
masses are the same as those in Refs. [17, 18] at  = 0, where the system is in the connement
phase. For  > C , chiral symmetry is restored.
According to Eqs. (8), (35) and (38), the thermo mass of the nucleon is
MN = M
(0)















is the dynamical mass of quark at  = 0. At  = M (0)N =3, the nucleon mass vanishes before the
chiral phase transition takes place. This is not surprising because Wilson fermions break explicitly
the chiral symmetry. The value of C should coincide with M
(0)
N =3 when r is very small, i.e., the
case of Ref. [9].
5 Discussions
In the preceding sections, we have investigated (d+1)-dimensional lattice QCD at nite density
with Wilson fermions in the strong coupling regime. We compute the vacuum energy, meson and
nucleon masses, chiral condensate and quark number density. At nite chemical potential, there
is an interplay between the bare fermion mass in the chiral limit and the chiral condensate, which
have to be determined self-consistently. There is a rst order chiral phase transition. The thermo
mass of the nucleon vanishes before the chiral transition takes place. This is due to the explicit
breakdown of chiral symmetry by Wilson fermions.
We have not yet specied the nature of the chiral-symmetric phase for  > C . Is it a QGP
phase or a color-superconducting phase[20, 21]? Up to now, there has been no rst principle
investigation of such a phase in SU(3) gauge theory. The answer to this question might be very
important to our understanding of the formation of the neutron star or quark star.
We also know that the strong coupling regime is far from the continuum limit. One has to
develop a numerical method to study continuum physics. The Monte Carlo Hamiltonian method
developed recently[22, 23] might be useful for such a purpose. We hope to discuss these interesting
issues in the future.
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